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Implementation Schemes to Compensate for Inverter
Nonlinearity Based on Trapezoidal Voltage

Yongsoon Park, Student Member, IEEE, and Seung-Ki Sul, Fellow, IEEE

Abstract—Trapezoidal voltages can be used to compensate for
the inverter nonlinearity. In particular, the modulating shape of
these voltages facilitates the adaptation of the compensation to
various operating conditions. In this paper, practical implemen-
tation schemes are proposed to improve the performance of the
compensation method based on the trapezoidal voltage. After
the implementation schemes are detailed, their effectiveness is
discussed with experimental results. It has been proved that the
proposed schemes are useful for the robust compensation.

Index Terms—Inverter nonlinearity, permanent-magnet syn-
chronous motor (PMSM), sensorless control, trapezoidal voltage.

I. INTRODUCTION

VOLTAGE-SOURCE inverters are commonly used for
power conversions such as ac motor drives and grid-

tied applications. The switches used in the inverter must be
controlled so that two terminals of a dc-link capacitor are
not directly connected to each other. Thus, when a pair of
switches operates complementarily, their turn-on instants are
intentionally delayed by a certain time, which is so called as
dead time. This dead time causes distortions in output voltages
[1], [2]. Moreover, the varying slopes of output voltages at
turn-on/turn-off are limited [3]–[7] and affected by parasitic
components in the current paths [8]–[11]. That is, actual outputs
of an inverter may be different from the corresponding voltage
references due to the inverter’s practical characteristics.

This type of nonlinearity can result in harmonic currents.
Because load power is mainly transferred via fundamental
currents, the other harmonics are undesirable losses unless they
are exploited for a special purpose [12]. The harmonic currents
also represent torque ripples and may result in speed ripples if
the motor inertia is small. In addition, since voltage references
may be different from actual outputs, the estimation of motor
parameters would not be accurate if these differences are not
offset [13].

For the last few decades, it has been discussed how the
nonlinearity of an inverter can be offset [1]–[11]. Even though
diverse discussions have been developed, it might be still a
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Fig. 1. Estimated distortion of an inverter at standstill.

challenging issue to ensure the effectiveness of a compensation
method for a wide operating range. Among several attempts
to compensate for the inverter nonlinearity, a method utilizing
trapezoidal voltages was proposed to enable adaptive com-
pensations to various operating conditions [14], [15]. In this
method, the shape of trapezoidal voltages, which are added to
pole voltage references, is modified in real time depending on
operating conditions. The harmonic voltages incorporated in
the trapezoidal voltages can then be adjusted toward mitigating
harmonic currents. Through the comparisons to the other com-
pensation methods, it had been presented that the compensation
method based on trapezoidal voltages could outperform the
others even if operating conditions were changed.

In this paper, the compensation method based on the trape-
zoidal voltage is further improved. In Section II, useful imple-
mentation schemes for the compensation are proposed. After
the tuning effect of the trapezoidal voltage is examined in the
view point of harmonic voltages, it is discussed which harmon-
ics should be critically taken into account for the compensation.
An additional scheme is discussed to enhance the transient
dynamics of the compensation method. In Section III, the effec-
tiveness of the proposed schemes is assessed via experimental
results obtained from practical systems driving permanent-
magnet synchronous motors (PMSMs). To confirm evident
effects of the proposed method, the PMSMs were driven by a
sensorless control method [18]. While the conventional method
had been only tested at ordinary load conditions, the proposed
method was demonstrated at more extreme load conditions. The
conclusions are then given in Section IV.

II. IMPLEMENTATION SCHEMES FOR COMPENSATION

A. Harmonics of Trapezoidal Voltage

The distorted voltage due to the inverter nonlinearity can be
estimated when a motor is at standstill [10], [15]. Fig. 1 presents
the estimated distortions with respect to output currents in a
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Fig. 2. Definition of trapezoidal voltage.

Fig. 3. (a) Output current and estimated voltage distortion (Vdis) and
(b) trapezoidal voltages (current: 5 A/div; voltage: 5 V/div; and time:
10 ms/div).

prototype inverter [15]. Several studies have shown that this
type of distortion shape can be exploited for the compensation
[8]–[11]. Namely, when one of output currents is sampled, the
compensation is carried out such that its corresponding voltage
in Fig. 1 is fed forward to the pole voltage reference of the same
phase. The negative current case is treated symmetrically.

The idea to utilize a trapezoidal voltage arises from the
first-order linear approximation of the voltage variations in the
current range up to the saturation. The trapezoidal voltage was
depicted in Fig. 2. By adjusting the trapezoidal angle θt, the
compensation voltage can be a square waveform or a triangular
waveform. This trapezoidal angle should be determined so
that the compensation becomes appropriate for given operating
conditions.

Based on Fig. 1, the distorted voltage due to the inverter
nonlinearity could be estimated as Vdis in Fig. 3(a) when the
output current’s peak was 6 A and its frequency was 10 Hz.
Although it might be controversial how much accurate the
estimated distortion is, it has been shown that this distortion
is effective enough for the compensation [8]–[11].

Several trapezoidal voltages with different trapezoidal angles
can be the approximate candidates to substitute for Vdis. For
example, the trapezoidal voltages whose trapezoidal angles
are 7◦ and 17◦, respectively, were depicted in Fig. 3(b). It is
plausible that one of trapezoidal angles between 7◦ and 17◦ can
be selected for the suitable approximation. This selection can be
based on frequency analysis. Because Vdis and the trapezoidal
voltage are periodic and symmetric to the zero crossings, each

Fig. 4. Error function of Fourier coefficients according to trapezoidal angle.

voltage can be described with the Fourier series whose even
harmonics and cosine terms are disregarded. Moreover, when
the motor driven by the inverter is a Y-connected three-phase
type, the harmonics that are multiples of three can be ignored
as well.

With respect to the harmonics of interest, an error function
between the Fourier coefficients can be defined as

encoeff = andis − antrape (1)

where the superscript “n” represents the harmonic order. The
subscript “dis” means the estimated distortion, and “trape”
refers to the trapezoidal voltage. The unit of the error function
is volt.

When the trapezoidal angle was changed by 0.1◦ from 7◦ to
17◦, the error function in (1) was calculated. The calculated
results are shown in Fig. 4. Within the angle range, the co-
efficient errors for the fundamental one were trivial. This is
almost the same for the higher order harmonics. However, as
indicated by the dashed boxes in Fig. 4, the 5th, 7th, 11th,
and 13th harmonics present relatively large deviations. That is,
when compared to the estimated distortion, those harmonics
of trapezoidal voltage are mainly changed according to the
variation of the trapezoidal angle.

To quantify the degree of the coefficient deviations, the
following indicator can be defined:

Iθterr =

√∑
n

(encoeff)
2 (2)

where n can be 1, 5, 7, 11, 13, 17, 19, 23, 25, 29, 31, 35, and
37. The superscript “θt” represents a trapezoidal angle.

By finding the trapezoidal angle minimizing the deviation
indicator of (2), the trapezoidal voltage well matched to the
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Fig. 5. Coefficient deviation indicator when harmonic orders of concern are
(a) from 1 to 37, (b) from 5 to 13, and (c) from 5 to 7.

estimated distortion can be selected. As shown in Fig. 5, 11.9◦

is the optimal angle when up to the 37th harmonics are consid-
ered. Given that the deviations of the high-order harmonics are
not dominant, as shown in Fig. 4, the deviation indicator can
be approximated by considering low-order harmonics only. It
is shown in Fig. 5 that the trapezoidal angle to generate the
minimum indicator considering the 5th, 7th, 11th, and 13th
harmonics is closer to the optimal one than that considering the
fifth and seventh harmonics. It is evident that the trapezoidal
angle can be differently determined depending on the harmonic
orders of interest.

B. Modulation of Trapezoidal Angle

Since the data in Fig. 1 are normally obtained at one op-
erating point, the estimated distortion based on Fig. 1 may
not be accurate at the other operating points. Therefore, the
indicator in (2) could not be sufficient to appropriately deter-
mine the trapezoidal angle for a wide operating range. Instead,
harmonics in output currents can be fed back to determine
the trapezoidal angle if the harmonic currents are dominantly
caused by the inverter nonlinearity.

A coordinate transformation can be helpful to observe the
harmonic currents [14], [15]. For the transformation, the current
angle of the a phase, denoted by θa, can be defined such that
sin θa is in phase with the a-phase current of ias, as shown
in Fig. 6. In particular, the angle range between −π and π is
desirable to synthesize a trapezoidal voltage.

After θt and Vsat in Fig. 2 are determined, the following slope
can be calculated:

Strape = Vsat/θt. (3)

Synthesizing a trapezoidal voltage is only detailed within
the positive range of θa because the negative range is just
symmetric. Considering θt in Fig. 2, the positive range of θa
can be divided into

0 ≤ θa < θt (4)

θt ≤ θa < π − θt (5)

π − θt ≤ θa < π. (6)

Fig. 6. a-phase current (ias) and its angle (θa).

In the range of (5), the trapezoidal voltage is simply equal to
Vsat as per Fig. 2. If θa is within (4), the trapezoidal voltage
can be calculated through multiplying θa by Strape in (3).
Considering the variation of π − θa in Fig. 6, the trapezoidal
voltage with (6) can be calculated through multiplying π − θa
by Strape.

Since the current angle may be different from the rotor flux
angle, the q-axis current in the frame synchronized with the cur-
rent angle should be calculated through a separate coordinate
transformation [14]. However, currents in the stationary d−q
reference frame are usually computed by the Clarke transforma-
tion for normal current controls, not only for the compensation
method {

isds = ias
isqs = (ibs − ics)/

√
3 (7)

where the superscript “s” represents the stationary reference
frame.

Then, if the current angle θa is given, the q-axis current can
be obtained by

iaqs = cos θa · isds + sin θa · isqs (8)

where the superscript “a” represents the reference frame syn-
chronized with the current angle θa.

The fifth and seventh harmonic currents are merged into a
sixth-order harmonic in the synchronously rotating reference
frame [14], [15]. Likewise, the 11th and 13th harmonics are
merged into a 12th-order harmonic. In the conventional method,
only the sixth-order harmonic in the synchronous frame was
considered to modulate the trapezoidal angle. However, as
discussed in Figs. 4 and 5, the 11th- and 13th-order har-
monics in a trapezoidal voltage may result in evident effects
on the compensation. Therefore, to reflect these harmonics
additionally, the modulator for the trapezoidal angle has been
modified, as shown in Fig. 7. Namely, the part pertaining to
sin(12θa) has been newly proposed when compared to the
conventional method. In Fig. 7, the parts denoted by “LPF”
indicate low-pass filtering. Each “LPF” was implemented with
the second-order filter, whose bandwidth was set at 3 Hz.

In particular, the switch denoted by “SW” in Fig. 7 is
considered in the modulator operation. The SW is closed only
if θt is smaller than 15◦. This is because 11th- and 13th-
order harmonics of trapezoidal voltage are not monotonically
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Fig. 7. Modulator for trapezoidal angle.

Fig. 8. Fourier coefficients of 1st, 5th, 7th, 11th, and 13th harmonics accord-
ing to trapezoidal angle.

changed by θt over 15◦, as shown in Fig. 8. Namely, the 11th-
and 13th-order harmonic currents are considered in determining
the trapezoidal angle only if the integrator action is effective to
modulate those harmonics of trapezoidal voltage.

C. Detection of Current Angle

As described in the previous section, the current angle is
essential for the compensation. In the conventional method, a
three-phase phase-locked loop (PLL) was used to detect the
current angle [16], [17].

However, the estimated current angle can include some errors
during transients due to the limited dynamics of the PLL. Then,
the compensation based on the PLL can be impeded if output
currents are needed to be changed under sudden load variations.
Moreover, the phase locking would be effective only if the
locked signal is large enough. That is, if output currents are
very small, the current angle might not be detected.

The trapezoidal angle is normally set to a definite value.
However, if the current angle is not clearly detected, the shape
of the trapezoidal voltage can be crushed. Furthermore, the
input to the modulator in Fig. 7 may be distorted if the coordi-
nate transformation is contaminated by some angle distortions.
Therefore, without a robust method to clearly detect current
angles, the adaptiveness of the compensation cannot be ensured
for a wide operating range.

To improve the angle detection, information of current refer-
ences can be utilized. In a steady state, output currents coincide
with their references by virtue of feedback controls. Otherwise,
voltage references in the synchronous reference frame would be
further modified by the feedback loops to counterbalance the
current errors. Because these voltage variations contradict the
assumption of the steady state, the current should be identical

Fig. 9. Current vector and a-phase current.

to its reference. That is, the reference information can be used
for the angle detection.

By the Clarke transformation, a three-phase current can be
transformed into the current vector that rotates at a synchronous
speed in the stationary reference frame. When the rotor angle,
defined as θr in Fig. 9, is considered, the angular position of a
current vector can be derived as

θi = θr + atan2
(
ir

∗

qs , i
r∗

ds

)
(9)

where the superscript “r” represents the rotor reference frame
and the reference values are indicated by the superscript “∗.”
The function of atan2 is a variation of the arctangent func-
tion [22].

As per its definition, it can be inferred that θa starts from the
α-axis leading the a-phase axis by 90◦, as depicted in Fig. 9.
That is, θa is zero when the current vector is aligned with the
α-axis. This alignment occurs when θi in (9) is equal to 3π/2.
Additionally, when the derivative of each angle is considered,
the current angle θa can be derived as (10) in terms of θr

θa = θr + atan2(ir
∗

qs , i
r∗

ds)− 1.5π. (10)

Of course, to synthesize trapezoidal voltages, θa in (10) may
have to be further processed so that it is between −π and π.
The current angle obtained by (10) has two features. One is that
its detection is at least not delayed. The other is that harmonic
distortions possibly incorporated in output currents less affect
the angle detection. How these features would be helpful for
the compensation is confirmed with experimental results in the
next section.

III. EXPERIMENTS

A. Experimental Setups

To demonstrate the proposed method, practical driving sys-
tems were used. The test motors were a surface-mounted
PMSM (SMPMSM) and an interior PMSM (IPMSM) shown
in Fig. 10. The ratings of the SMPMSM are 1500 r/min and
11.5 N · m, and those of the IPMSM are 5400 r/min and 9 N · m.
The pole pairs of the SMPMSM and the IPMSM are four and
two, respectively. Both motors were driven by a sensorless con-
trol method [18]. In addition, the dc-link voltage of the inverter
was supplied via a diode rectifier connected to a 3φ220 -Vrms

source for SMPMSM, and this composition was the same for
IPMSM with a 380-Vrms source.

All control algorithms were implemented in the same control
board based on TMS320VC33. The pulsewidth modulation



1070 IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS, VOL. 50, NO. 2, MARCH/APRIL 2014

Fig. 10. Test motors: (a) SMPMSM and (b) IPMSM.

Fig. 11. Output current and its FFT without any compensation.

(PWM) was based on space vector PWM [20]. The sampling
period was set to 100 μs; the switching period was set to 200 μs.
Although the dead time was identically set to 3 μs for each
inverter, the saturated voltages, Vsat in Fig. 2, were measured
according to the measuring procedure in [15] as 5.56 V for the
inverter driving SMPMSM and 7.88 V for the inverter driving
IPMSM. This is because the different dc-link voltages cause the
different volt–second distortions even under the same dead time
[1]. However, the integral gain kiθ for both inverters was set to
20, which was empirically determined.

B. Experimental Results

Initially, the compensation effect of mitigating harmonics in
output currents was considered. The SMPMSM was driven at
150 r/min, which corresponds to 10 Hz in electrical speed, un-
der 1.5-N · m load. To present obvious differences, fast Fourier
transform (FFT) was applied to output currents that were
measured for 100 s under 50-kHz samplings through a current
probe. For comparison, the result without any compensation
was presented in Fig. 11.

As a distortion indicator, selective harmonic distortion
(SHD) can be defined as

SHD[%] =

√
I25 + I27 + I211 + I213

I1
× 100 (11)

where In refers to a current magnitude at the nth-order
harmonic.

Fig. 12. Output current and its FFT when fifth- and seventh-order harmonics
were considered to modulate trapezoidal angle.

Fig. 13. Output current and its FFT when 5th-, 7th-, 11th-, and 13th-order
harmonics were considered to modulate trapezoidal angle.

Then, the SHD in the case of Fig. 11 was computed as
12.8%. This indicates that the output current is severely dis-
torted. With the conventional method considering only the fifth-
and seventh-order harmonics, harmonic currents were evidently
mitigated as shown in Fig. 12. In this case, the SHD was 1.17%,
which is less than one-tenth of that in Fig. 11.

Although the compensation effect was excellent with the
conventional method, the harmonic characteristics can be more
improved with the proposed method. The result by the proposed
method is shown in Fig. 13. Compared with those in Fig. 12,
the 11th- and 13th-order harmonic currents were more reduced,
while the currents of the fifth and seventh harmonics remained
similar. This is because the 11th and 13th harmonics were taken
into account to modulate the trapezoidal angle. The SHD with
the proposed method was 0.78%.

The operational difference between the conventional and
the proposed methods can be explained with Fig. 14. The
trapezoidal angles determined by the conventional and the pro-
posed methods were 11.46◦ and 10.14◦, respectively. Another
difference in each case was the magnitude of the harmonic
currents defined as Ih6 and Ih12 in Fig. 7.

In the conventional method, because only Ih6 is considered,
the trapezoidal angle θt converges toward minimizing the sixth-
order harmonic in the synchronous reference frame, as shown
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Fig. 14. Harmonic currents and trapezoidal voltage with (a) conventional
method and (b) proposed method (Vcomp: 2.5 V/div; θt: 0.06 rad/div; Ih6 and
Ih12: 10 mA/div; and time: 20 ms/div).

in Fig. 14(a). That is, the modulator for θt does not contribute
to minimizing the 12th harmonic at the same time.

By contrast, in the proposed method, Ih6 and Ih12 are con-
sidered simultaneously. The trapezoidal angle is then adjusted
toward minimizing the sum of those currents, as shown in
Fig. 14(b). This feature can contribute to evenly mitigating the
harmonic currents. In particular, even in the proposed method,
the 11th- and 13th-order harmonic currents are reflected for
the compensation only if the trapezoidal angle is less than 15◦.
However, within this angle range, magnitude variations of the
fifth- and seventh-order harmonics by θt are relatively small,
as shown in Fig. 8. That is, the compensation effects on the
11th- and 13th-order harmonics can be improved, while those
on the fifth- and seventh-order harmonics remain similarly. This
is corroborated with Figs. 12 and 13.

Although SMPMSMs are operated with the d-axis current
regulated as null, this is not the case for IPMSMs. When the
d-axis current of the IPMSM in the rotor reference frame was
regulated as −1.5 A, the compensation results are presented
in Fig. 15. After the trapezoidal voltage of Vcomp was applied
during driving, the driving performance was improved in two
aspects.

First, harmonic currents were mitigated like the case of
SMPMSM. Namely, the d–q currents in the stationary reference
frame became closer to sine waves. Second, the rotor angle
error in the sensorless control, which was denoted by θr − θ̂r in
Fig. 15, decreased. This is because the fundamental distortions
in voltage references caused by the inverter nonlinearity were
offset by the compensation method based on the trapezoidal
voltage simultaneously [21]. This type of angle error compen-
sation is not possible by harmonic controllers such as resonant

Fig. 15. Compensation effects under a nonzero d-axis current, 300 r/min, and
2-N · m load (currents: 2 A/div with center at 0 A; Vcomp: 2.5 V/div with center
at 0 V; θr − θ̂r : 0.15 rad/div with center at 0 rad; and time: 200 ms/div).

Fig. 16. Compensation effects at 150 r/min with no load when current angle is
detected by (a) PLL method and (b) proposed method (ias: 1 A/div with center
at 0 A; sin θa: 0.5/div with center at zero; Vcomp: 2.5 V/div with center at 0 V;
and time: 100 ms/div).

controllers [19], which do not focus on offsetting the funda-
mental voltage distortion.

In the aforementioned experimental results, the current angle
had been detected by using the current references because the
analyses were mainly concentrated on steady states. The ef-
fectiveness of the reference-based angle detection is examined
with the following experimental results. For these experiments,
the proposed modulator in Fig. 7 was commonly used.

To compare the effects of each angle detection method, the
SMPMSM was driven at 150 r/min with no load. Before the
trapezoidal voltages were applied for the compensation, it could
be recognized that θa was well detected even by the PLL, as
shown in Fig. 16(a). However, after the compensation started,
the PLL lost its detection ability, whereas the proposed method
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Fig. 17. Compensation effects under deceleration of the speed when using
(a) PLL method and (b) proposed method (ias: 1 A/div with center at 0 A;
sin θa: 0.5/div with center at zero; ωrpm and ω̂rpm: 150 r/min/div with center
at 450 r/min; and time: 200 ms/div).

based on the current references did not. At this operating point,
the back electromotive force was expected to be 6.35 Vpeak,
while the peak value of the trapezoidal voltage was 5.56 V. That
is, when voltage references are relatively small, output currents
are vulnerable to distortions even from applying trapezoidal
voltages. Furthermore, because the filtering effect on distortions
cannot be perfect in the PLL-based method, the compensation
can fail, as shown in Fig. 16(a). However, the proposed method
could be effective, as shown in Fig. 16(b), because current
references used for the angle detection were less affected by
distortions.

Each compensation method was also tested at a varying
operating condition, where the speed of the IPMSM was de-
celerated from 700 to 150 r/min under no load. This condition
has been considered as the worst case because both frequency
and magnitude of output currents are decreasing. Furthermore,
the d–q current references in the synchronously rotating ref-
erence frame can be changed in a step manner to follow
torque references under this condition. In fact, the current angle
estimated by the PLL cannot be changed abruptly due to its
low-pass filtering [16]. This shortcoming even led to instability
of the sensorless operation, as shown in Fig. 17(a). Namely,
the estimated speed ω̂rpm had deviated from the actual speed
ωrpm. Finally, the entire control system had to be stopped by an
overcurrent protection at standstill.

When output currents are still converging to their refer-
ences, it can be ambiguous where the current vector is located.
Moreover, the detection of the current angle cannot help be-
ing delayed due to the PLL’s limited dynamics. Unlike the

PLL-based method, the predicted current angles at which out-
put currents should be located are used in the proposed method.
In addition, step variations of the current angle can be tracked
in the detection method based on the references. As enlarged
in Fig. 17(b), the estimated current angle could be changed by
almost 180◦ in the practical implementation of the proposed
method. Only by changing the angle detection scheme, the
sensorless operation combined with the compensation remained
normal during and after the deceleration. This improvement
was achieved by the proposed scheme.

IV. CONCLUSION

To compensate for the inverter nonlinearity, the compensa-
tion principles based on trapezoidal voltages had already been
explained in the literature. In this paper, practical schemes to
implement the compensation method have been further pro-
posed for better performances under diverse operating condi-
tions. By the proposed schemes, harmonic distortions caused
by the inverter nonlinearity could be more mitigated, and the
stability of the driving system with a sensorless control method
could be enhanced. Therefore, these sorts of improvements
would contribute to the enhancement of the adaptive feature in
the compensation method using the trapezoidal voltage.
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