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Abstract—The aim of this study was to develop a new method
to operate an interior permanent magnet synchronous machine
(IPMSM) on the maximum torque per ampere (MTPA) condition.
The characteristics of the MTPA condition were analyzed and the
MTPA condition was derived based on the input electric power.
The proposed method injects a small current signal used for track-
ing the MTPA operating point along with the fundamental current
for torque generation. This method does not require any machine
parameters or premade lookup table. The frequency of the injected
signal is several hundred hertz, and the performance of the MTPA
tracking is almost free from load torque disturbance. The feasibil-
ity of the proposed method was verified under various operating
conditions with computer simulation and testing with an 11 kW
IPMSM drive system.

Index Terms—Efficiency operation, interior permanent mag-
net synchronous machine (IPMSM), maximum torque per ampere
(MTPA), signal injection.

I. INTRODUCTION

E LECTRIC machines, which convert electric energy into
mechanical energy, are the largest consumers of electric

power. A variety of energy issues have emerged in the world and
in response there have been a wide variety of studies aimed at
increasing the efficiency of electric machines from every aspect
in industrial applications. When compared with an induction
machine, the most popular machine in industrial applications,
a permanent magnet synchronous machine (PMSM), is an at-
tractive alternative ac machine due to its higher power density,
higher torque density, and higher efficiency. Recently, the use of
PMSMs in general industrial fields have become more popular,
and as a result the design and control methodology of PMSMs
have been intensively researched for the last several decades [1].
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Among the PMSMs, the interior permanent magnet syn-
chronous machine (IPMSM), which has a permanent magnet
inside of the rotor, has replaced the induction machine in sev-
eral industrial applications. The rotor structure of the IPMSM
leads to mechanical robustness under high-speed operating con-
ditions and features under flux-weakening operations [2]. Com-
pared to a surface permanent magnet synchronous machine
(SPMSM), the distinct characteristic of an IPMSM is its induc-
tance saliency, i.e., the d-axis inductance is different from the
q-axis inductance. Since the permanent magnets of an IPMSM
are buried inside the rotor at the d-axis, the q-axis inductance
in the synchronous reference frame is conspicuously larger than
the d-axis inductance. This difference between the q-axis and
d-axis inductances contributes to the additional torque that is
generated, called the reluctance torque. Therefore, the gener-
ated torque in an IPMSM consists of the field torque from
the permanent magnet and the reluctance torque. The former
is proportional to the q-axis current, and the latter is related to
multiplication of the d-axis current with the q-axis current. With
a constant magnitude of currents, the torque of an IPMSM can
be generated differentially according to the angle of the stator
current vector. Among the various current vectors that gener-
ate a specific torque, the current vector, which has a minimum
magnitude of the current vector, is called the maximum torque
per ampere (MTPA) current. Additionally, the MTPA can also
be considered as the current vector that generates the maximum
torque with a constant magnitude. Since IPMSM has no rotor
copper loss, the MTPA operation guarantees minimum copper
loss of the IPMSM under the given operating conditions. Fur-
thermore, in general, the iron loss of the IPMSM below the
speed of the flux-weakening region is negligible compared to
the copper loss and it is little affected by the angle variation
of the stator current vector. Therefore, the MTPA operation,
which means the minimum copper loss, can be understood as
the operating condition at maximum efficiency.

Many studies have been done on the control of IPMSMs with
MTPA operations. Those results are divided into three groups:
1) MTPA point calculation based on machine parameters; 2)
minimum current operation using the searching algorithm; and
3) MTPA point tracking with an additional signal injection. First,
the MTPA point can be found with mathematical calculations
using the machine model. At its inception, the calculations were
achieved with nominal machine parameters [3], [4]. However,
the parameters of an IPMSM vary extremely for a variety of
reasons including stator currents, temperature, rotating speed
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of the machine, and so on [5]. Moreover, the q-axis inductance
significantly changes based on the stator current vector. That
means the flux is saturated due to the stator current. Therefore,
these MTPA points from the calculations based on the machine
model are vulnerable to variations in the parameters regardless
of the enormous effort to compensate for parameter variation
using online estimation techniques [6]–[9] or premade lookup
tables [10]–[12]. Moreover, the MTPA points have been tested
in an offline system, and the current reference vectors from the
test results have been used in real operations [13], [14].

Second, the MTPA points can be detected with a searching al-
gorithm [15], [16]. By changing the current vector, the minimum
magnitude of the current vector can be searched for in the con-
stant load torque condition. These methods can find the MTPA
point without any parameters. However, the stability of the
searching algorithm itself cannot be guaranteed under varying
load torque conditions and the searching algorithm is very slow.

Finally, the MTPA points can be detected instantaneously
with the injection of high-frequency current [17]–[19]. These
methods basically depend on the characteristic of the MTPA
points which is that the variation in the torque based on the
variation in the current angle is zero at the MTPA points. Based
on this characteristic, the MTPA points can be detected from
the response in the torque by injecting a high-frequency current
signal. In a real system, however, it is very difficult to instan-
taneously obtain the value for the variation in the torque. In a
previous study [18], the variation in the speed due to the injected
current signal was used instead of the variation in the torque.
However, the performance of this method was limited due to
the resolution of the position/speed sensor. In the experiment
in [18], the frequency of the injected current signal was very
low, and the tracking performance was not reasonable in vary-
ing load and/or varying speed conditions. In addition, the speed
ripple at the injection frequency exited for the MTPA operation.
In a previous study [20], mechanical power was substituted for
the torque. Since the mechanical power could be calculated from
the stator voltage and current, the frequency of the injected cur-
rent signal was only limited by the current control bandwidth.
Therefore, several hundred hertz signal was injected to detect
the MTPA points and the MTPA point was tracked in real time.

This study extends the MTPA point tracking method in [20]
and [21] and provides analysis using the varying inductance
model of IPMSMs. Due to the relatively high frequency of
the injected current signal, the proposed method shows robust-
ness under varying load and speed conditions. A supplementary
high-frequency current control loop is used to inject the high-
frequency current signal. From the simulation and experimental
results, the feasibility of the proposed method was verified.

II. IPMSM CHARACTERISTICS AND MTPA OPERATION

From the equivalent models in Fig. 1, the voltage equations
of the IPMSM are obtained as follows:

vr
ds = Rsi

r
ds + Lds

dirds

dt
− ωrLqsi

r
qs

vr
qs = Rsi

r
qs + Lqs

dirqs

dt
+ ωr (Ldsi

r
ds + λf ) (1)

Fig. 1. IPMSM d-/q-axis equivalent model in the synchronous reference
frame.

Fig. 2. Current vector and the generated torque of IPMSM. (a) Current vectors
in the current plane. (b) Torque analysis of IPMSM.

where vr
ds and vr

qs are the d-/q-axis voltages, irds and irqs are
the d-/q-axis currents, ωr is the speed of rotor in the electric
angle, and λf is a permanent magnet flux linkage. For steady-
state operations, the torque that can be generated by IPMSM is
calculated as follows:

Te =
3
2
P

{
λf irqs + (Lds − Lqs) irdsi

r
qs

}
(2)

where P is the number of pole pairs. The torque of the IPMSM
consists of the field torque from the permanent magnet and the
reluctance torque. The field torque is proportional to the q-axis
current and the reluctance torque is proportional to the multipli-
cation of the d-axis current with the q-axis current. To analyze
the torque and current characteristics, the torque based on the
IPMSM model is simulated according to the variation of the
current vector with constant magnitude. Fig. 2 shows the simu-
lated torque of the IPMSM and corresponding current vectors.
With a constant magnitude of the current vector, the generated
torque, shown as a blue line in Fig. 2(b), varies according to the
angle of the current vector. The green and red lines in Fig. 2(b)
show the field torque and the reluctance torque, respectively.
The field torque is maximized with a current vector angle of
90◦ in Fig. 2(a). On the other hand, the reluctance torque is
maximized with a current vector angle of 135◦. Therefore, the
angle for the maximum torque was between 90◦ and 135◦, and
that point is the MTPA point.

The MTPA point is the nearest point to the origin among the
points on the constant torque curve in the current plane. And
the MTPA is also the current point with a minimum magnitude
point in the constant torque curve as shown in Fig. 3. If the
variation in the core loss due to the variation in the current vector
angle is negligible, the MTPA point is almost the most efficient
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Fig. 3. MTPA operating points and the constant torque loci in the current
vector plane.

Fig. 4. Locus of the constant torque in the current vector plane.

operating point. In Fig. 3, the MTPA points with constant torque
loci are shown in the current plane. The angle of the MTPA
current vector varies based on the generated torque. Therefore,
the MTPA point can be determined according to the torque
condition.

III. PROPOSED MTPA TRACKING METHOD

WITH SIGNAL INJECTION

A. Basic Principle

In the synchronous current plane of the IPMSM, there are
many current reference pairs (ir∗ds , i

r∗
qs ) that generate a specific

torque. To operate the IPMSM in the MTPA condition, the
current reference vector should be found for its magnitude to
be minimal at a specific torque. In Fig. 4, the constant torque
locus is shown in the current plane at the synchronous reference
frame. The torque of an IPMSM can be derived as (2). The
MTPA operating point is the nearest point to the origin in the
current plane. Therefore, the differentiation of the torque with
respect to the current angle in the synchronous reference frame,
∂Te/∂θ, should be zero at the MTPA point given as follows:

∂Te

∂θ
=

3P

4
IS {λf cos θ + (Lds − Lqs) IS cos 2θ} = 0 (3)

where IS is the magnitude of the current, and θ is the angle of the
current in the synchronous reference frame shown in Fig. 2(a).
From the MTPA criterion equation (3), the current angle of the

MTPA point θMTPA can be derived as

θMTPA = cos−1

⎛

⎝
−λf +

√
λ2

f + 8 (Lds − Lqs)
2 I2

S

4 (Lds − Lqs) IS

⎞

⎠ (4)

irds |MTPA = IS cos θMTPA , irqs

∣
∣
MTPA = IS sin θMTPA .

(5)
From (4) and (5), the MTPA operating point can be calculated

using the IPMSM parameters. These equations could be derived
under the assumptions that the machine inductances and the
permanent magnet flux linkage are constant. However, the flux
linkage of a permanent magnet varies according to the operat-
ing conditions such as rotor temperature and saturation of the
machine. Additionally, the d-/q-axis inductances vary according
to the operating conditions. Therefore, (3) should be modified
taking into the consideration the variation in the inductances.
The criterion of the MTPA point considering the variation in the
inductance can be derived as

∂Te

∂θ
=

3P

4
Is

{
λf cos θ + (Lds − Lqs) Is cos 2θ

+
(

∂Lds

∂θ
− ∂Lqs

∂θ

)
Is

1
2

sin 2θ

}
= 0. (6)

If the value of ∂Te/∂θ is evaluated, the control system can
recognize whether the present operating point is on the MTPA
operating point, even though the torque of the IPMSM is not
measured exactly.

B. Evaluation of ∂Te/∂θ

Since it is very difficult to calculate or measure the torque
in industrial applications, the proposed MTPA tracking method
in this paper evaluates the ∂Te/∂θ using the concept of signal
injection. The proposed method injects a high frequency, small
signal to the current reference angle θ as

θ = θavg + θh = θavg + Amag sin (fh × 2πt) (7)

where Amag and fh are the magnitude and frequency of the in-
jected signal, respectively. The frequency of the injected signal
fh should be high enough compared to the bandwidth of the
speed control loop or the torque control loop to prevent interfer-
ence between the injected signal and the control loops. However,
the frequency should be low enough compared to the inverter
switching frequency to modulate the injected signal. Addition-
ally, the magnitude of the signal should be small enough not to
provoke any variation in speed due to the injected signal.

By injecting the signal to the current angle θ, the control
system could experience some variation in mechanical power
related to the variation in the torque due to the variation in
the current angle. The calculated instantaneous input power
from the terminal voltage and current can be used as an index
of the variation in the torque. The instantaneous input power
includes not only the mechanical power but also the losses due
to the stator resistance and the reactive power related to the
inductance of the IPMSM. Therefore, to determine the MTPA
operating point, the mechanical power from the calculated input
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power should be measured. The power due to the injected signal
can be analyzed as follows.

From the injected signal, the d-/q-axis currents can be de-
scribed as (8) and (9) under the assumption that Amag is much
smaller than θavg

irds = IS cos(θavg + Amag sin ωht)

≈ IS cos θavg − IS Amag sin θavg sinωht

= irdsf + irdsh (8)

irqs = IS sin(θavg + Amag sin ωht)

≈ IS sin θavg + IS Amag cos θavg sinωht

= irqsf + irqsh . (9)

The electric input power can be calculated as (10), which con-
sists of the copper loss, the reactive power, and the mechanical
power. Considering the high-frequency current signal, the cop-
per loss Pcopper , the reactive power Preactive , and the mechan-
ical power Pmech can be expressed as (11)–(13), respectively.
The copper loss due to the stator resistance is not affected by
the injected signal as in (11), since the magnitude of the input
current is constant regardless of the injected signal. However,
the reactive power and the mechanical power represented by
(12) and (13), respectively, contain some variation in the power
whose frequency is identical to that of the injected signal. The
phase of the injected signal frequency component in the reactive
power is out of phase with that of the injected signal itself. For
the mechanical power in (13), the phase of the injected signal
frequency component is in phase with that of the injected signal
and the magnitude of the power variation is proportional to the
MTPA criterion in (3)

Pe = Pcopper + Preactive + Pmech

=
3
2

{
RS

(
ir2
ds + ir2

qs

)
+ Lds

dirds

dt
irds + Lqs

dirqs

dt
irqs

+ ωrλf irqs + ωr (Lds − Lqs) irdsi
r
qs

}
(10)

Pcopper =
3
2
RS I2

S (11)

Preactive ≈ −3
4

(Lds − Lqs) I2
s Amagωh sin 2θavg cos ωht

+
3
4
(Lds sin2 θavg + Lqs cos2 θavg)

× I2
S A2

magωh sin 2ωht (12)

Pmech ≈ ωr
3
2

{
1
2

(Lds − Lqs) I2
S sin 2θavg + λf IS sin θavg

}

+
3
2
{λf cos θavg + (Lds − Lqs)IS cos 2θavg}

× IS ωrAmag sin ωht

+
3
8
ωr (Lds−Lqs)I2

S A2
mag sin 2θavg cos 2ωht. (13)

Fig. 5. Signal processing to extract the MTPA criterion.

To evaluate the MTPA criterion, i.e., the differentiation of the
torque with respect to the angle of the current vector in the syn-
chronous reference frame ∂Te/∂θ, a simple signal processing
block can be used as shown in Fig. 5.

To extract the component of the injected frequency fh from
the measured power, the power is processed with a bandpass
filter whose center frequency is the injected frequency fh . Using
the bandpass filter, the component of the injected frequency
PBPF in the electric input power can be extracted. The result
includes not only the component from the mechanical power
but also the component from the reactive power. The component
from the reactive power is orthogonal to the injected signal seen
in (12) and (13). Hence, to extract only the component related
to the mechanical power, the output of the bandpass filter can
be multiplied with the injected sinusoidal signal. After that, the
results should be filtered out by a low-pass filter whose cutoff
frequency is far below the injected frequency fh for filtering out
the orthogonal term, which is the component from the reactive
power from the results. Through this multiplication operation
and low-pass filtering, a component proportional to ∂Te/∂θ can
be obtained as Po described as follows:

P0 =
3
4
ωrAmagIS {λf cos θavg + (Lds − Lqs) IS cos 2θavg}

∝ ∂Te

∂θ
. (14)

The criterion in (3), i.e., the differentiation of the torque with
respect to the current angle is identical to Po in (14) except for
the proportional constant. Therefore, if the output of the signal
processing in Fig. 5 is controlled as null, the MTPA operation
is always guaranteed under the assumption of having constant
parameters for the IPMSM. If the variation in the inductances
due to the magnetic saturation is considered in the proposed
method, the result of the signal process Po can be derived as
(15). The MTPA criterion considering the inductance variation
in (6) is also identical to Po in (15) except for the proportional
constant. That means the proposed method can track the MTPA
point regardless of the variations in the IPMSM parameters. The
derivation of (15), which considers the inductance saturation, is
given in the Appendix

Po =
1
2
AmagωrIs

{
λf cos θ + (Lds − Lqs) Is cos 2θ

+
(

∂Lds

∂θ
− ∂Lqs

∂θ

)
Is

1
2

sin 2θ

}
. (15)

Fig. 6 demonstrates the relationship between the angle of the
current reference vector, the signals during the signal process-
ing procedure, and the actual torque. The angle of the current
reference vector θ is varied from 1.6 to 2.3 rad in Fig. 6(a)



492 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 28, NO. 1, JANUARY 2013

Fig. 6. Simulation result of signal processing. (a) Variation of current reference
angle θ. (b) Variation of the signals in the signal processing according to the
current reference angle variation in (a). (c) Variation in the torque according to
the current reference angle variation in (a).

under the operating conditions of a constant magnitude for the
stator current and constant speed. Fig. 6(b) shows the output
signal from the bandpass filter PBPF , the signal multiplied by
the injected sinusoidal signal Ph , and the output signal Po of
the low-pass filter. Additionally, Fig. 6(c) shows that the torque
from the simulation model varied according to the angle of the
current reference vector shown in Fig. 6(a). Despite the constant
magnitude of the stator current, the torque varied according to
the current reference angle. The maximum torque was 66 N·m
at θ = 2.0 rad.

As mentioned previously, the output of the signal processing
procedure Po was near zero around the MTPA operating point,
2.0 rad. The resulting Po of the signal processing was positive
whenever the current reference angle was below 2.0 rad. How-
ever, Po was negative whenever the current reference angle was
above the angle of the MTPA operating point, 2.0 rad.

C. Understanding the Signal Injection Method

The argument in Sections III-B and III-C can be understood
by the Taylor series expansion. The MTPA tracking method
using signal injection has its ground in the MTPA definition
itself; the variation in the torque according to the variation in the
current angle is zero at the MTPA operating point for an IPMSM.

To exploit this definition, the variation in the torque has to be
detected in the system. Measuring the torque, however, is very
difficult and is almost impossible in real industrial applications.
The variation in the input electric power can be substituted with
the variation in the torque in the proposed method.

Under a constant speed, if the torque varies, the mechanical
power varies proportionally to the torque, given by (16). To de-
termine the information on the variation in the torque according
to the variation in the current angle, a high-frequency sinusoidal
signal is injected into the current reference in the synchronous
reference frame. As for the injected signal, the torque can be
derived with the Taylor series expansion as

Pm = Teωrm , Te (θ) =
1

ωrm
Pm (θ) (16)

Te (θ + Δθ) = Te (θ) +
∂Te

∂θ
Δθ

+
∂

∂θ

(
∂Te

∂θ

)
Δθ2 + · · · (17)

Te (θ + A sin ωht) = Te (θ) +
∂Te

∂θ
A sin ωht

+
∂

∂θ

(
∂Te

∂θ

)
A2 sin2 ωht + · · · . (18)

Since the magnitude of the injected signal is very small and the
frequency of the injected signal is high enough compared to
the bandwidth for the speed regulation loop, the variation in the
speed due to the injected signal can be ignored. The torque would
be proportional to the mechanical power as in (16). Additionally,
the higher order terms including the second-order terms in (18)
can be ignored. From the signal processing, the electric power
can be transformed into the variation in the torque according to
the variation in the current angle variation as

Signal Processing {Pe}

∝ Signal Processing

{
Te(θ) +

∂Te

∂θ
A sin ωht

}
∝ ∂Te

∂θ
. (19)

D. Current Signal Injection at High Frequency

Since the proposed method relies on the variation in the in-
put power at the injected signal frequency, the variation in the
power should only occur from the injected signal. However,
the input power can vary for many reasons such as a change
in the speed reference, torque disturbance, load variation, and
so on. To separate the power variation due to the injected sig-
nal from that due to the other reasons, the frequency of the
injected signal should be as high as possible. In this paper, 300
and 350 Hz were used as the frequency of the injected signal.
To inject such a high-frequency current signal, a supplementary
high-frequency current control loop was augmented into the ba-
sic current control loop shown in Fig. 7. The frequency of the
injection signal can be selected according to the operating sit-
uation to escape resonant issues due to the injected signal. The
d-/q-axis current references were decomposed to the fundamen-
tal components ir∗dsf , ir∗qsf and the high-frequency component
ir∗dsh , ir∗qsh as (8) and (9). As a supplementary high-frequency
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Fig. 7. Current control loop with the supplementary high-frequency current
control loop.

Fig. 8. High-frequency signal P-type control loop. (a) Block diagram of the
high-frequency signal control loop. (b) Bode plot of the high-frequency signal
control loop.

current control loop, a proportional regulator was incorporated
as shown in Fig. 8. The transfer function of the P-type con-
troller can be derived as in (20). The gain of the proportional
regulator was set to ten times the impedance of the inductance
at the injection frequency, and then, the transfer function can be
approximated as unity by

Fig. 9. Performance of the high-frequency d-/q-axis current control at 300 and
350 Hz.

i∗h
ih

=

KP s2 +2ζωKP s+ω2KP

Ls3 +(2ζωL + R)s2 +(ω2L+2ζω(KP + R))s + ω2R
(20)

i∗h
ih

∣
∣
∣
∣
ω=ωh

=
j2ζω2

hKP

j2ζω2
h (KP + jωhL + R)

=
KP

KP + jωhL + R

≈ 1. (21)

Fig. 8(b) shows the Bode plot for this control loop. With an
injected signal frequency of 300 Hz, the gain was 0 dB and the
phase delay was set to 0◦.

Fig. 9 shows the regulation performance of the high-
frequency current control at 300 and 350 Hz. The gain of the
proportional regulator was set to ten times the impedance of the
inductance. Despite the abrupt change in the frequency of the
injected signal, the actual current signal followed the reference
within one cycle of the injected frequency.

E. Control System Configuration

Fig. 10 illustrates the speed control system including the pro-
posed tracking method. The fundamental speed control and cur-
rent control loop were designed in the same manner as a con-
ventional one described in [22]. The output of the speed control
loop is the magnitude of the current reference vector and the an-
gle of the current reference vector is determined by the θ control
loop shown in Fig. 11. The integral regulator in Fig. 11 nullifies
the MTPA criterion value Po . The current references including
the high-frequency injected signal are derived from the current
reference block in Fig. 10 according to (7) and (8). After that,
the current control block, which consists of the fundamental
control loop and the supplementary control loop, generates the
output voltage references.

IV. EXPERIMENTAL RESULTS

To verify the feasibility of the proposed MTPA tracking
method, an 11 kW IPMSM was pretested at 900 and 1750 r/min,
and at different load torque conditions from 5 to 45 N·m in
5-N·m increments. The nominal parameters of the IPMSM un-
der test are presented in Table I. At each torque and speed, the
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Fig. 10. Control system configuration.

Fig. 11. Control block diagram for the current reference angle θ.

TABLE I
PARAMETERS OF THE IPMSM

magnitude of the stator current was recorded with the various
current reference angles θ in order to find the MTPA operat-
ing point manually. After these pretests, the proposed MTPA
tracking method was engaged to the drive system at each op-
erating condition to compare the MTPA operating points from
the proposed signal injection method with the MTPA operating
points from the pretests. Fig. 12 shows the results of the com-
parison in which the MTPA operating points from the proposed
method matched quite well with those from the pretests.

To clearly demonstrate the autonomous tracking capability of
the proposed method, the current angle was manually adjusted
from 0.5 to 0.6π rad and back to 0.5 π rad at 1700 r/min. After
that, the proposed method was engaged at the same speed at
two different load torques, 20 and 35 N·m, respectively. The
results are shown in Figs. 13 and 14, respectively. In Fig. 13,
the high-frequency current signal was injected for 10 s and the
MTPA operating point was tracked. When the speed reached
1700 r/min and the load torque was 20 N·m, the current angle of
the manual MTPA operating point was 1.78 rad and the tracked
MTPA current angle was 1.82 rad. The difference in the current
magnitudes was less than 0.05 A, which was less than 0.4% of

Fig. 12. Current magnitudes according to the current angle in the condition
of specific load torque. The MTPA tracking results from the proposed method
was also presented. (a) 900 r/min. (b) 1750 r/min.

the stator current at an operating point of 18.8 A. In Fig. 14,
which is the case for the 35-N·m load torque, the MTPA current
angle for the manual operation and proposed method was 1.85
and 1.89 rad, respectively. At this time, the difference in the cur-
rent magnitude between the manual operation and the proposed
method was less than 0.1 A, which is 0.3% of the magnitude of
the stator current at that operating point.

In Fig. 15, the MTPA tracking performance of the proposed
method is shown under conditions in which the load torque
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Fig. 13. Current angle, MTPA criterion value, and current magnitude at
1700 r/min and 20-N·m load torque.

Fig. 14. Current angle, MTPA criterion value, and current magnitude at
1700 r/min and 35-N·m load torque.

Fig. 15. Current angle, MTPA criterion value, and current magnitude at
900 r/min and load torque variation, 0.5 Hz, 20–35 N·m.

was varied. The IPMSM was controlled in the speed control
mode at 900 r/min. At first, the load torque was 20 N·m and

the proposed MTPA tracking method tracked the MTPA point
as 1.78 rad, which was already confirmed in Fig. 12(a). Next,
the load torque was increased to 35 N·m and the tracked MTPA
point was 1.85 rad, which was also the MTPA point in Fig. 12(a).
After that, the load torque varied from 20 to 35 N·m at a 0.5 Hz
frequency. To regulate the speed of the IPMSM, the magnitude
of the current was controlled by the speed control loop. More-
over, the proposed MTPA tracking method tracked the MTPA
point instantaneously according to the current magnitude.

V. CONCLUSION

The proposed MTPA tracking method exploits the inherent
characteristics of the MTPA operating point, in which the vari-
ation in the torque due to the variation in the current angle
is zero at the MTPA point. This inherent characteristic of the
MTPA operating point was analyzed with a machine model un-
der the assumption of constant machine parameters and with a
machine model that also considered the variation in the induc-
tance. Injecting a small, high-frequency signal into the angle of
the current reference vector, the variation in the torque was de-
tected through the instantaneous input power of the IPMSM. The
differentiation of the torque in terms of the angle of the stator
current vector in the synchronous reference frame was calcu-
lated through signal processing of the input power. As shown
in the experimental results, this proposed method tracked the
MTPA operating point of the IPMSM without any premade
lookup tables, machine parameters, and parameter estimation
methods. The tracking error bound of the result was less than
0.5% in terms of the magnitude of the current.

APPENDIX

MTPA CONDITION THAT CONSIDERS THE VARIATION

IN THE INDUCTANCE

Under the assumption of constant machine parameters, the
MTPA operating condition can be described as in (3). In addi-
tion, in the previous section, the MTPA tracking method was
proven mathematically on the supposition that the inductances
Lds and Lqs are unknown, but constant. From now on, we will
show that the proposed MTPA tracking method is applicable to
cases in which the inductance varies according to the operating
conditions.

In (A1), the torque equation is expressed with the current
magnitude IS and the current phase angle θ. To consider the
variation in the inductances, the variations in inductances are
regarded as

Te =
3P

4

{
λf IS sin θ + (Lds − Lqs) I2

S

1
2

sin 2θ

}
(A1)

Lds(Is, θ)|Is =const ≈ Lds(θavg) +
∂Lds(θavg)

∂θ
(θ − θavg)

(A2)

Lqs(Is , θ)|Is =const ≈ Lqs(θavg) +
∂Lqs(θavg)

∂θ
(θ − θavg) .

(A3)
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At the MTPA operating point, the differentiation of the torque
with respect to the angle of the current vector in the syn-
chronous reference frame ∂Te/∂θ should be zero. Therefore,
the MTPA condition can be derived as (A4). In comparison with
that of constant inductance, the terms for the inductance varia-
tion according to the current angle θ were added in (A4), which
represents the MTPA criterion taking into consideration the vari-
ation in the inductances

∂Te

∂θ
=

3P

4
Is

{
λf cos θ + (Lds − Lqs) Is cos 2θ

+
(

∂Lds

∂θ
− ∂Lqs

∂θ

)
Is

1
2

sin 2θ

}
= 0. (A4)

To get a signal corresponding to (A4), the calculated input power
can be used under the assumption that the variation in the torque
is very small and fast, and the variation in the speed, due to the
injected signal, is filtered out by the system inertia. The injected
current signals are the same with those in the previous section as
in (A5). Due to the signal from the injected current, the d-/q-axis
inductances Lds and Lqs , derived from (A2) and (A3), can be
expressed as

θ = θavg + θh = θavg + Amag sin ωht (A5)

Lds(θ) ≈ Lds(θavg) +
∂Lds(θavg)

∂θ
Amag sin ωht (A6)

Lqs(θ) ≈ Lqs(θavg) +
∂Lqs(θavg)

∂θ
Amag sinωht. (A7)

Then, the input power can be calculated from the general power
equation (A8) and the voltage equation of the IPMSM (1). The
input power consists of three terms: the copper loss, the reactive
power due to the inductance of the IPMSM, and the mechanical
power

Pe =
3
2

(
vr

dsi
r
ds + vr

qsi
r
qs

)

= Pcopper + Preactive + Pmech (A8)

Pcopper = RsI
2
s (A9)

Preactive |ωh
= −1

2
I2
s Amagωh

×
{

(Lds(θavg) − Lqs(θavg)) sin 2θavg

+
1
2

(
∂Lds(θavg)

∂θ
− ∂Lqs(θavg)

∂θ

)

× A2
mag cos 2θavg

}
cos ωht (A10)

Pmech |ωh
= ωrIsAmag

{
λf cos θavg

+
(

∂Lds(θavg)
∂θ

− ∂Lqs(θavg)
∂θ

)
Is

1
2

sin 2θavg

+ (Lds(θavg)−Lqs(θavg))Is cos 2θavg

}
sin ωht.

(A11)

The injected signal causes no variation in the current magnitude,
but causes the variation in the current angle in the synchronous
reference frame. Thus, copper loss due to the stator resistance
is not affected by the injected signal as in (A9). However, the
injected signal affects the reactive power and the mechanical
power. The reactive power due to the injected signal can be
summarized as (A10). To get the torque information from the
input electric power, the injected frequency component of the
reactive power should be separated from the input electric power.
As in (A10), the reactive power is orthogonal to the injected
signal. Additionally, the variation in the reactive power due to
the injected signal can be filtered out with the proposed signal
processing.

The mechanical power can be calculated as (A11). The me-
chanical power of the injected signal component is in phase
with the injected signal. As a result, the output of the proposed
signal processing, which is proportional to the MTPA criterion
in (A4), can be derived as

Po =
1
2
AmagωrIs

{
λf cos θavg + (Lds(θavg)

− Lqs(θavg))Is cos 2θavg

+
(

∂Lds(θavg)
∂θ

− ∂Lqs(θavg)
∂θ

)
Is

1
2

sin 2θavg

}
. (A12)

Therefore, the proposed method based on signal injection can
track the MTPA point even though the d-/q-axis inductances
vary conspicuously.
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